Abstract. For all previous constructions of 2 × 2 lattice space-time codes with a positive diversity product, the rank r(2) was such that r(2) ≤ 4. An example of a 2 × 2 lattice space-time code of rank 5 with a positive diversity product was given by Xing and Li. In this paper, we give an example of a 2 × 2 lattice space-time code of rank 8 with a positive diversity product. This gives an answer to the open problem set by Xing and Li.
Introduction
Let C, R, Z, N be the sets of all complex numbers, real numbers, integers and positive integers respectively. We denote by M n (C) the set of n × n matrices over C. A lattice space-time code over C is a set A consisting of matrices in M n (C) such that A is a free abelian group under the matrix addition. The rank of this group is called the dimension or rank of A. In recent years, the study of space-time codes has generated much interest. Many mathematical areas such as number theory, algebra, combinatorics, etc., have been employed to construct good lattice codes ( [1] , [2] , [5] , [6] , [7] , [8] , [11] , [9] , [12] , [13] , [14] ).
The diversity product of A is defined by (see [14] ) ( 
1.1) δ(A) := inf{| det(A − B)| : A, B ∈ A, A = B}.
The normalized diversity product of A in M n (C) is defined by (see [10] , [8] , [5] )
where G is the corresponding generating matrix of the complex lattice A, g is the corresponding real generating matrix for Λ G , and |L| denotes the absolute value of the determinant of the 2 × 2 generating matrix of the two-dimensional real base lattice L. The criteria for lattice space-time codes are: the rank of A should be as large as possible, the diversity product of A should be as large as possible, and the discriminant of A should be as small as possible. A natural question is: what is the maximal rank of a lattice space-time code A such that δ(A) > 0?
We define r(n) by (see [14] )
Determining the exact value for r(n) seems difficult. One obvious lower bound is r(n) ≥ 2n (see [1] , [2] , [7] , [8] , [9] ). Recently, Xing and Li [14] gave an upper bound r(n) ≤ 2n 2 . The case n = 2 is of a particular interest. However, even in this case, we only know that 4 ≤ r(n) ≤ 8. No 2 × 2 lattice space-time codes of rank greater than 4 with a positive diversity product had been constructed until in [14] , Xing and Li gave an example of a 2×2 lattice space-time code of rank 5 with a positive diversity product and raised the following question.
Open problem. Is there a 2 × 2 lattice space-time code of rank greater than 5 with a positive diversity product?
In this paper, we give an example of a 2 × 2 lattice space-time code of rank 8 with a positive diversity product (Section 2). Moreover, we prove that if A is the lattice generated by A j (1 ≤ j ≤ 8) and if the set {A j : (1 ≤ j ≤ 8)} is linearly independent over R, then δ(A) ≤ a, where a is a constant, only dependent on A j (1 ≤ j ≤ 8). See Section 3.
2.
A 2 × 2 lattice space-time code of rank 8 Theorem 2.1. Consider the eight 2 × 2 matrices over C:
where q is a positive integer such that q ≡ 7 (mod 8 Proof. First of all, it is clear that {A 1 , A 2 , . . . , A 8 } is linearly independent over R. Let
To show that the rank of A is 8 and the diversity product of A is at least 1, it is sufficient to prove that for any eight integers
From (2.1), we get
and so
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Since the square of an integer is always ≡ 0, 1 or 4 (mod 8), then 
This implies that, by considerations modulo 4, one of x 1 y 2 , x 2 y 1 is 1 and the other is 3, say x 1 y 2 ≡ 1 (mod 4) and x 2 y 1 ≡ 3 (mod 4). It follows that x 1 + y 2 ≡ 2 (mod 4) and x 2 + y 1 ≡ 0 (mod 4). Hence, by (2.4) and 2|y This and the fact that (x 3 + y 4 ) 2 , (x 4 + y 3 ) 2 ≡ 0 or 4 (mod 16) lead to a contradiction.
Case (iii) Finally, we take all x 1 y 2 , x 2 y 1 , x 3 y 4 , and x 4 y 3 to be odd. Since the x i and y i are all odd, then equation (2.4) gives us
So we obtain
This implies that It follows that
Therefore,
, and
are also even. Thus we have
But x 1 is an odd integer. This is impossible.
Combining the above three cases, we have shown that equations (2.2) and (2.3) cannot simultaneously hold. Thus we have | det(A)| ≥ 1. This completes the proof.
We have the following remarks.
Remark 2.2.
(1) The condition q ≡ 7 (mod 8) can be replaced by q = 2 2r (8t + 7), for nonnegative integers r and t. To see this, if instead of q = 8t + 7 we consider 2 2r (8t + 7), then we only need to take 2 r y j (j = 1, 2, 3, 4) instead of y j in our proof.
On the other hand, if q doesn't have the form 2 2r (8t + 7), then Theorem 2.1 is not true. In this case, we set x 1 = x 2 = x 3 = y 3 = 0 and x 4 = q. Thus equation ( The above equation has integer solutions (y 1 , y 2 , y 4 ). One can see [3] , page 271, or [4] , page 133. (2) From [10] , [5] and using equation (1.2), we can compute the discriminant and the normalized diversity product of the lattice A given by Theorem 1.
The generating matrix G of the lattice
, where 3. An upper bound of any 2 × 2 lattice space-time code
In this section, we will use a result in Diophantine approximation to get a relative upper bound of δ(A).
then there exists a nonvanishing vector
Proof. See page 62 of [15] .
Now we prove the following theorem.
Theorem 3.2.
For any eight 2 × 2 matrices over C: 
From Lemma 3.1, there exists nonvanishing vector
and 
